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f ∈ (L2(Ω))
n '   (5# .6#) 	 P := L2,0(Ω)   
 
7
L2(Ω)    	
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 
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 	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   Ω  	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a(u,v) + b(v, p) = (f,v),    v ∈ V, #$%&





















b(u, p) := −(div u, p). #$*&

   ! 	   	     +
   	   u(x) ∈ V 
 
 p(x) ∈ L2,0
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b2(u, p)/a(u, u) ≥ β20‖p‖
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w, v ∈ V  	  	 	 	
 

a(w, v) := (div w, div v) + (rot w, rot v). 
   	
 
 rot w  ! 
 ""
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n = V = V0 ⊕ V1 ⊕ Vβ, 

V0 := ker div = {w ∈ V, div w = 0}, 
V1 := ker rot = {w ∈ V, rotw = 0} &
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 Vβ 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	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 L2(Ω)  	$	 




L2(Ω) = P0 ⊕ P1 ⊕ Pβ , )

P0 := ker grad, P1 = div ker rot = div V1, Pβ = div Vβ. *
+ 			
  "		    	 L2 
 P0   	
	
 $
 	 "	 	
 	 Ω Pβ 	 	 
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
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 3	

 n > 2  (·, ·) 	  4"
 

 $	"  IRn 		 
A, B, C ∈ IRn×n  
 

A = B + C, 5
A = AT > 0, 6
B = BT ≥ 0 , C = CT ≥ 0, 
δ := dim ker B ≥ 1 , ρ := dim ker C ≥ 1. 7
6
   	 
	 

	 W ⊂ IRn  	     
	  	   
   

   
		 
(A·, ·)   	 
  IRn 	   


IRn = ker B ⊕ ker C ⊕ W.  
!  	
 λi   	" 	 
λAx = Bx #
 	




 x(i)  

	




ker B = span(x(i), λi = 0),
ker C = span(x(i), λi = 1),
W = span(x(i), λi ∈ (0, 1)).
%
&
   
 	 		 
  ##    


    	
  #'
A ∼ −Δ, B ∼ − grad div, C ∼ curl rot,
 Δ 
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Vh = ker divh ⊕ ker roth ⊕W = Vh,0 ⊕ Vh,1 ⊕ Vh,β.
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Ph = ker gradh ⊕ divh ker roth ⊕ divh Vh,β = Ph,0 ⊕ Ph,1 ⊕ Ph,β.
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0,h := (uh, uh)0,h.
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1 ≤ i ≤ n − 1, 2 ≤ j ≤ n − 1.
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(ui+1,j − ui+1,j−1)(vi+1,j − vij).
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  dim(Vh0) = (n−2)
2 dim(Vh1) = (n−3)
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0,h = 0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$ dim ker divh = nh − ((n − 1)
2 − 1) = (n − 2)2  nh = 2(n −
1)(n − 2) 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 $ dim ker roth = nh − (n
2 − 5) = (n − 3)2
$ dim(Vh,β) = nh − (n − 2)
2 − (n − 3)2 = 4n − 9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(DAAhuh, uh) = (DBB̃huh, B̃huh) + (DCC̃huh, C̃huh) =
= (B̃Th DBB̃huh, uh) + (C̃
T
h DCC̃huh, uh).  $)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(DAuh)k = ui,jh̃1,ih̃2,j+1/2,
k = (n − 1)(i − 2) + j, 2 ≤ i ≤ n − 1, 1 ≤ j ≤ n − 1,
(DAvh)k = vi,jh̃1,i+1/2h̃2,j ,
k = (n − 2)(i − 1) + j − 1, 1 ≤ i ≤ n − 1, 2 ≤ j ≤ n − 1,
(DBph)k = pi,jh1,i+1/2h2,j+1/2,
k = (n − 1)(i − 1) + j, 1 ≤ i, j ≤ n − 1,
(DCph)k = pi,jh̃1,i+1h̃2,j,
k = n − 2 + n(i − 1) + j, 1 ≤ i ≤ n − 2, 1 ≤ j ≤ n;
k = j − 1, i = 0, 2 ≤ j ≤ n − 1;
k = (n − 2)(n + 1) + j − 1, i = n − 1, 2 ≤ j ≤ n − 1.
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  	%
& 
  Âh > 0 '
 		  
   
 		 	 
	 &
  
  (	 '	
 
 )    &   
 
	 	 			 	 
 %	*  
  
	 





 		 	   
  
     	
       




"     
  (Δhuh)ij
   	
  Ω = ∪Ωij  Ω  
 	 	  	

	
  Ωij  uij  
 (Δu)  	
	 




   
 	

















(gradu)ds,  ! "
 
 n  	 
 	








	  	 	

















































	  (Δhvh)ij 	  Ω     )
	  %
* 	  	 	  Ωij   vij +























1 ≤ i ≤ n − 1, 2 ≤ j ≤ n − 1.
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0,h∗ := (uh, uh)0,h∗.
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(DAuh)k,k = ui,jh̃1,ih2,j+1/2,
k = (n − 1)(i − 2) + j, 2 ≤ i ≤ n − 1, 1 ≤ j ≤ n − 1,
(DAvh)k,k = vi,jh1,i+1/2h̃2,j,
k = (n − 2)(i − 1) + j − 1, 1 ≤ i ≤ n − 1, 2 ≤ j ≤ n − 1.
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(Δhvh)ij :=
vi+1,j − 2vij + vi−1,j
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+
vi,j+1 − 2vij + vi,j−1
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2 ≤ i ≤ n − 2, 2 ≤ j ≤ n − 1.
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vn−1,j+1 − 2vn−1,j + vn−1,j−1
h2
, 2 ≤ j ≤ n − 1.
 ui,0, ui,n, v0,j, vn,j     	  	















































































  ph, qh   	
  uh = (uh, vh)







0,h := (ph, ph)0,h, ‖uh‖
2
0,h := (uh, uh)0,h.
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 dim(Vh0) = (n−2)
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 dim(Vh1) = (n−3)
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u1,j(v1,j − v1,j+1) + 2
n−1∑
j=1




vi,n(ui+1,n−1 − ui,n−1) + 2
n−1∑
i=1
vi,1(ui,1 − ui+1,1) = 0.
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    '  , roth uh = 0    

    
  4(n− 2) *
 
    -
 & $ dim ker divh = nh − ((n − 1)
2 − 1) − 4(n − 2) = (n − 2)2
.  * dim(Vh,1) = dim ker roth      -

  	 ‖ roth uh‖
2
0,h = 0 
	      	
 *	    +	  
   
,  
  
  '  , roth uh = 0  
  n
2 − 4 *

$ dim ker roth = nh − (n
2 − 4) = n2 − 2n $ dim(Vh,β) =
nh − (n − 2)
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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 	 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# 	$ ' " 	    	 	
  	   	 	 ()
u1,j = un−1,j, u2,j = un,j, 0 ≤ j ≤ n, *+$,-
v1,j = vn−1,j , v2,j = vn,j, 1 ≤ j ≤ n.
. 	 

     	 	 (  
  
!	 	)
ui,0 = ui,n = 0, 1 ≤ i ≤ n, *+$/-
vi,1 = vi,n = 0, 1 ≤ i ≤ n − 1,
 ui,0, ui,n  #  	 	     	    


	 	$ 0 

	  	 #  1
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	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   	 
# 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 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	 	 &	  )
Δhuh = (Δhuh, Δhvh)
T ,
(Δhuh)ij :=
ui+1,j − 2uij + ui−1,j
h2
+
ui,j+1 − 2uij + ui,j−1
h2
,
2 ≤ i ≤ n − 1, 1 ≤ j ≤ n − 1,
(Δhvh)ij :=
vi+1,j − 2vij + vi−1,j
h2
+
vi,j+1 − 2vij + vi,j−1
h2
,
2 ≤ i ≤ n − 1, 2 ≤ j ≤ n − 1.
%" 	 

	  	 		   # " *+$2-   	
  1 ≤ i ≤ n − 2, 1 ≤ j ≤ n$ 3	  *+$4-  *+$+-  *+$,- 
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0,h := (ph, ph)0,h, ‖ph‖
2
0,h̃
:= (ph, ph)0,h̃, ‖uh‖
2
0,h := (uh, uh)0,h.
	   Ah B̃h  C̃h 		 
	  	  
	 	 −Δh
− divh  roth
  
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 uh = (uh, vh)
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ui,1vi,1 = 0. 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  	   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 
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 
    !	     
nh := (n− 2)(n− 1) + (n− 2)
2 dim(Vh,0) := dim ker divh = (n− 2)
2 + 1  
dim(Vh,1) := dim ker roth = n
2 − 5n + 7 
  dim(Vh,β) = nh − ((n −
2)2 + 1) − (n2 − 5n + 7) = 2n − 6 > 0  n > 3 •
  	 Ah   "! #  $
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
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   uin = 0 
n−1∑
j=0
(1 − yi)yih =
n−1∑
j=0
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 ( #$  #&
(Ahuh, uh)0,h ≥ 6‖uh‖
2
0,h > 0
 uh = 0 ∈ Vh. •
$
  
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(Ahuh, uh)0,h ≥ 6‖uh‖
2
0,h > 0
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   	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	      	 (n− 1)(m− 1)(l − 1)
 	! 	 h1h2h3  h1 := 1/(n−1), h2 := 1/(m−1), h3 := 1/(l−1)
"  n, m, l ≥ 3 #  	   	  
	  	  ph   		  pijk 
 i = 1, . . . , n − 1$
j = 1, . . . , m − 1$ k = 1, . . . , l − 1 # ! 	!   	  
	  	 	% 	 	!  u		 	!  	 
	  
 ! 	 	!  v		  	  !	  
!  	 	!  w		  	  		 ! #
	 		  	  uijk &i = 1, . . . , n$ j = 1, . . . , m−1$ k =
1, . . . , l − 1'  vijk &i = 1, . . . , n − 1$ j = 1, . . . , m$ k = 1, . . . , l − 1' 
 wijk &i = 1, . . . , n− 1$ j = 1, . . . , m− 1$ k = 1, . . . , l' (  uijk 

i = 1  i = n   	  	! uh$  vijk 
 j = 1 
j = m   	  	! vh   wijk 
 k = 1  k = l 
 	  	! wh # 	   &IR
nuh × IRnvh × IRnwh' 

  	  Vh 
 nuh = n(m − 1)(l − 1) nvh = (n − 1)m(l − 1)
 nwh = (n− 1)(m− 1)l )     IR
mh  
 
	  Ph  
 mh = (n − 1)(m − 1)(l − 1)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uh := (uh, vh, wh)
T ; 1 ≤ i ≤ n − 1, 1 ≤ j ≤ m − 1, 1 ≤ k ≤ l − 1.
#  		 	   − divh !	  	 
	     	  B̃h 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	 	!      h3/2  l − 1 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 
      h2/2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Δhuh = (Δhuh, Δhvh, Δhwh)
T ,
(Δhuh)ijk :=
ui+1,j,k − 2uijk + ui−1,j,k
h21
+




ui,j,k+1 − 2uijk + ui,j,k−1
h23
,
2 ≤ i ≤ n − 1, 1 ≤ j ≤ m − 1, 1 ≤ k ≤ l − 1,
(Δhvh)ijk :=
vi+1,j,k − 2vijk + vi−1,j,k
h21
+




vi,j,k+1 − 2vijk + vi,j,k−1
h23
,
1 ≤ i ≤ n − 1, 2 ≤ j ≤ m − 1, 1 ≤ k ≤ l − 1,
(Δhwh)ijk :=
wi+1,j,k − 2wijk + wi−1,j,k
h21
+




wi,j,k+1 − 2wijk + wi,j,k−1
h23
,
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 ph, qh  	
 	
 uh = (uh, vh, wh)










































0,h := (ph, ph)0,h, ‖uh‖
2
0,h := (uh, uh)0,h.
  





















































   	
  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
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u1,j,k = un,j,k = vi,1,k = vi,m,k = wi,j,1 = wi,j,l = 0,
 1 ≤ i ≤ n − 1, 1 ≤ j ≤ m − 1, 1 ≤ k ≤ l − 1
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uh$ vh 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+ (vi+1,j,k − vijk)
2 h2h3
h1




+ (vi,j,k+1 − vijk)
2 h1h2
h3




+ (wi,j+1,k − wijk)
2 h1h3
h2



















+ (vi,j+1,k − vijk)
2 h1h3
h2




+ 2(ui+1,j,k − uijk)(vi,j+1,k − vijk)h3 +
+ 2(ui+1,j,k − uijk)(wi,j,k+1 − wijk)h2 +




















− 2(wi,j,k+1 − wi,j−1,k+1)(vi,j,k+1 − vijk)h1 +
+ (ui+1,j,k+1 − ui+1,j,k)
2 h1h2
h3




− 2(ui+1,j,k+1 − ui+1,j,k)(wi+1,j,k+1 − wi,j,k+1)h2 +
+ (vi+1,j,k − vijk)
2 h2h3
h1
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 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
 
	  (n − 1)3  
 h3  h := 1/(n − 1)   n ≥ 3
  
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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ui,j,0 = ui,j,n = 0 vi,j,0 = vi,j,n = 0 wi,j,1 = wi,j,n = 0 1 ≤ i, j ≤ n − 1
ui,0,k = ui,n,k = 0 vi,1,k = vi,n,k = 0 wi,0,k = wi,n,k = 0 1 ≤ i, k ≤ n − 1

 ui,j,0, ui,j,n, vi,j,0, vi,j,n, 	 ui,0,k, ui,n,k, wi,0,k, wi,n,k 
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 1 ≤ j, k ≤ n − 1
 
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
 
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	 #$(&  

 #  h1 = h2 = h3 =: h&
  Ah B̃h 	 C̃h 
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0,h := (ph, ph)0,h, ‖uh‖
2
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	 uh := (uh, vh, wh)




































































































































































































































































h(vi+1,j,k − vi,j,k)(ui+1,j,k − ui+1,j−1,k). 	
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  Ω    	

Ω = {(r, ϕ)|0 ≤ r < 1, 0 ≤ ϕ < 2π} ,
	 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